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Introduction

Nonnegative Matrix Factorizaton (NMF) has become a
popular tool for decomposing spectrograms of musical signals.

Goal: Given nonnegative X, find two nonnegative matrices:

1. dictionary: A ∈ RM×K
+ , where A = [a1 a2 ... aK ]

2. gain matrix: S ∈ RK×N
+ , where S = [s1 s2 ... sN]T

that minimize some distance between X and AS.

Piano: three notes
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Violin: one note
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Common Multiplicative Update Rules

Euclidean distance: dEUC(x , y) = |x − y |2
minA,S dEUC(X,AS):

A← A · XST

ASST
S← S · ATX

ATAS

Kullback-Leibler divergence: dKL(x , y) = x log x
y − x + y

minA,S dKL(X,AS):

A← A ·
X
ASS

T

1ST
S← S ·

AT X
AS

AT1
where 1 is a matrix of ones.

Itakura-Saito divergence: dIS(x , y) = x
y − log x

y − 1

minA,S dIS(X,AS):

A← A ·
X

(AS)2ST

1
ASS

T
S← S ·

AT X
(AS)2

AT 1
AS

Motivation

Problem: Some musical “objects” require more than one atom for
accurate representation.

Solution: Impose co-occurrence constaints that force certain
atoms to be highly correlated or uncorrelated.

Problem Formulation

New minimization problem:

min
A,S

d(X,AS) + λd(Q,SST)

λ > 0 is a regularization parameter,

SST is a temporal co-occurrence matrix,

Q ∈ RK×K
+ is a predefined nonnegative symmetric matrix.

How is Q chosen?

qii = 1 for all i to normalize each row of S,

qij ≈ 1 for all pairs of atoms i and j that we want to be dependent,

qij ≈ 0 for all other pairs of atoms.

Proposed Multiplicative Update Rules

To minimize d(Q,ATA) or d(Q,SST),

EUC : A← A · AQ + ε

AATA + ε
or S← S · QS + ε

SSTS + ε

KL : A← A ·
A Q

ATA + ε

A1 + ε
or S← S ·

Q
SSTS + ε

1S + ε

IS : A← A ·
A Q

(ATA)2 + ε

A 1
AAT + ε

or S← S ·
Q

(SST )2S + ε

1
SSTS + ε

To incorporate into initial NMF problem, the update rule changes to
(e.g., for Euclidean distance):

S← S · ATX + λQS + ε

ATAS + λSSTS + ε

Experiment: Convergence
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Experiment: Violin

1 2 3 4 5 6

F
re

q
u

e
n

c
y

6
5
4
3
2
1

Time

Q

1 2 3 4 5 6

1

2

3

4

5

6

SS
T

1 2 3 4 5 6

1

2

3

4

5

6

Experiment: Drums
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Conclusions

Co-occurrence constraints successfully enforce dependence upon multiple atoms that
describe the same musical object.

Either temporal or spectral co-occurrence constraints can be enforced successfully.


